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Abstract: We examine non-relativistic holographic RG flows by working with
Einstein-Maxwell-scalar theories which support geometries that break Lorentz in-
variance at some energy scale. We adopt the superpotential formalism, which helps
us characterize the radial flow in this setup and bring to light a number of generic
features. In particular, we identify several quantities that behave monotonically
under RG flow. As an example, we show that the index of refraction is generi-
cally monotonic. We also construct a combination of the superpotentials that flows
monotonically in Einstein-scalar theories supporting non-relativistic solutions, and
which reduces to the known c-function in the relativistic limit. Interestingly, such
quantity also exhibits monotonicity in a variety of black hole solutions to the full
Einstein-Maxwell-scalar theory, hinting at a deeper structure. Finally, we comment
on the breakdown of such monotonicity conditions and on the relation to a candidate
c-function obtained previously from entanglement entropy.
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1. Introduction
The basic question of how to organize the degrees of freedom of a quantum system
as a function of energy scale has proven very difficult to address in a general context.
While in relativistic quantum field theories (QFTs) powerful c-theorems (see e.g.
[1, 2, 3]) provide a clear measure for the number of effective degrees of freedom at
a given energy – through the existence of a monotonic c-function – they fail when
Lorentz invariance is broken, with no clear pathway to extending them. Yet it is
an important fundamental question whether we can quantify the loss of informa-
tion along renormalization group (RG) flow in a generic quantum system, and in
particular whether the loss of degrees of freedom is monotonic as we access lower
scales. Within the context of holography, this is related to the issue of how gravity
encodes the process of integrating out field theoretic degrees of freedom, and how to
geometrize RG flows in the presence of broken symmetries1.
While these questions remain challenging to answer, over the past decade we have
seen many successful steps in holography to enlarge the universality class of quantum
systems that can be probed using gravity duals. These include the construction of
gravitational solutions that realize geometrically a variety of emergent IR phases
and RG flows connecting fixed points with different symmetries. These are highly
non-trivial examples of bulk evolution which offer a useful arena for probing basic
properties of gradient flow and possible generalizations of c-theorems. As a concrete
example, solutions that interpolate between AdS vacua while traversing intermediate
non-relativistic scaling regimes (e.g. described by hyperscaling violating, Lifshitz-like
solutions [7, 8, 9, 10]) provide geometric examples of emergent conformal symmetry
and lead to basic questions about violations and generalizations of c-theorems2.
In this paper we examine holographic RG flows that don’t assume Lorentz invari-
ance at all scales, with the goal of identifying functions that may behave monotoni-
cally and thus capture the physics of a c-function. For radial flows involving Lorentz
invariant geometries, the monotonic c-function can be related to a “superpotential”
W which allows one to recast the second order bulk gravity equations in the lan-
guage of first order equations [3, 18]. The latter are effectively RG flow equations.
Indeed, the superpotential plays an important role in the Hamilton-Jacobi approach,
which has a long history of describing holographic RG flow [4, 19, 20]. Recently,
the authors of [21] examined a variety of relativistic flows arising in Einstein-scalar
theories, relying on the power of the superpotential formalism to obtain a general
1For a discussion of the Wilsonian renormalization perspective in holographic theories, and in
particular of the running of the couplings, emergent dynamics and the relation to the Hamilton-
Jacobi functional equation, see e.g. [4, 5, 6].
2Other interesting cases are the holographic constructions with spontaneously broken transla-
tional symmetry that is relevant in the IR (without having any sources in the UV), which realize
the idea of spontaneous crystallization [11, 12, 13, 14, 15, 16, 17].
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classification of gravitational solutions and a way to characterize the properties of
the associated RG flows (see [22, 23] for related studies at finite temperature).
Motivated in part by [21], here we work with non-relativistic solutions to Einstein-
Maxwell-scalar theories and adopt the superpotential method developed in [24] to
explore their structure. As we will see, recasting the flow equations in terms of
superpotentials will guide our intuition and help us identify certain quantities that
are monotonic and may provide candidate c-functions. We will also connect our
analysis to that of [25], who relied on the connection between entanglement entropy
and c-theorems [26, 27, 28] to examine a generalization of the standard c-function
for spacetime geometries which spontaneously violate Lorentz invariance (see also
[29, 30] for more other attempts at generalized c-functions). Motivated by coun-
terexamples to monotonicity of entanglement for broken Lorentz invariance [31], [25]
explored how to constrain the geometry so that it could in principle yield monotonic
flows. As we will see, the main points made in [25] can be recast naturally in the
language of fake superpotentials. Finally, while some of our results are completely
generic in Einstein-Maxwell-scalar theories – such as the monotonicity of the so-
called index of refraction – others will only hold in Einstein-scalar theories. Still, it
is remarkable that even in the absence of relativistic symmetry some of the intuition
from relativistic flows remains – this is exactly what one would hope for from general
intuition.
The outline of the paper is as follows. Section 2 introduces our holographic setup
and the fake superpotentials. Section 3 contains the main results of our analysis and
examines the monotonic behavior of a variety of quantities relevant to describing
the holographic RG flow. In Section 4 we illustrate with explicit examples some
of our results on the radial flow of the superpotentials. Section 5 examines the UV
structure of the geometry to establish under which conditions monotonicity will break
down. We conclude and summarize our discussions in Section 6. In Appendix A
we illustrate with a concrete example the statement that extremal geometries are
always relativistic in the Einstein-scalar theories we examine. The monotonicity of
our superpotential W in the Einstein-scalar theories is discussed in Appendix B .
2. Holographic Setup and Background
We examine Einstein-Maxwell-scalar theories of the form
S =
1
2κ2
∫
dd+1x
√−g
(
R− 1
2
(∂φ)2 − V (φ)− Z(φ)
4
FµνF
µν
)
, (2.1)
which from now on we refer to as EMD theories, and work with backgrounds de-
scribed by the ansatz
ds2 = dr2 + e2A(r)(−f(r)dt2 + d~x2) , φ = φ(r), Aµdxµ = At(r)dt . (2.2)
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Thus, in the metric, the deviation from relativistic symmetry is captured by the
function f(r) not being a constant. We will assume that the asymptotic UV boundary
is at r → ∞. In order to rely on the standard holographic dictionary we take the
geometry at the UV fixed point to be AdSd+1. The conformal factor in the UV is then
given by A(r) = r/L, with L the AdS curvature scale, and f(r →∞) approaches a
constant3 there.
The equations of motion for these theories are given by
Rµν +
Z
2
FµρF
ρ
ν −
1
2
∂µφ ∂νφ+
gµν
2
[
1
2
(∂φ)2 + V −R + Z
4
F 2
]
= 0 ,
1√−g ∂µ
(√−g ∂µφ) = 1
4
∂Z
∂φ
F 2 +
∂V
∂φ
,
1√−g ∂µ
(√−g Z F µν) = 0 . (2.3)
Inserting the ansatz (2.2) into the above equations of motion, we obtain the following
set of equations:
φ¨+
(
dA¨+
f˙
2f
)
φ˙− Vφ + Zφ e
−2A
2f
A˙t
2
= 0 , (2.4)
∂r
(
e(d−2)A
ZA˙t√
f
)
= 0 , (2.5)
φ˙2 + 2(d− 1)
(
A¨− f˙
2f
)
= 0 , (2.6)
f¨ +
(
dA˙− f˙
2f
)
f˙ − Ze−2AA˙t2 = 0 , (2.7)
A¨+
(
dA˙+
f˙
2f
)
A˙+
V
d− 1 +
Z
2(d− 1)
e−2A
f
A˙t
2
= 0 , (2.8)
where the dot denotes the radial derivative, Vφ =
dV
dφ
and Zφ =
dZ
dφ
. Note that only
two of the last three equations are independent.
3One might worry that the AdS2 ×Rd−1 geometry does not seem to fall into the metric ansatz
we are using. However, we note that AdS2 ×Rd−1 in our coordinate system is given by
ds2 = dr2 + e2A0(−e2rdt2 + d~x2) ,
with A0 a constant. After introducing u = e
r, we recover the more standard form of AdS2 ×Rd−1,
ds2 = −e2A0u2dt2 + 1
u2
du2 + e2A0d~x2 .
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By combining Einstein’s equations with the mater equations of motion, one
obtains4 the following radially independent quantity,
Q = −e
dAf˙√
f
+
e(d−2)A√
f
ZAtA˙t . (2.9)
The radially conserved combination Q is particularly useful because it can be used
to connect IR to boundary data. We are interested in black brane solutions to this
theory, for which there is a horizon at, say, r = rh, with f(rh) = 0 and At(rh) = 0.
One can then show that
Q(rh) = −2κ2T s, Q(r →∞) = −2κ2(E + P − µρ) . (2.10)
Here T, s, E , P, µ, ρ are, respectively, the temperature, entropy density, energy den-
sity, pressure, chemical potential and charge density. The chemical potential is given
by µ = At(r →∞), and the corresponding charge density is defined as
ρ =
1
2κ2
Z
√−gF tr|r→∞ = 1
2κ2
e(d−2)A
ZA˙t√
f
. (2.11)
Here the second equality is due to the fact that the combination Z
√−gF tr is radi-
ally independent, and thus can be computed anywhere in the bulk. Recall that E
and P can be obtained using holographic renormalization amended by appropriate
boundary terms, including the Gibbons-Hawking term for a well-defined Dirichlet
variational principle and surface counterterms for removing divergences. Thus, we
see that the conserved quantity Q just gives the expected thermodynamical relation
T s = E + P − µρ . (2.12)
Finally, for the extremal geometry describing the ground state of the theory, Ts = 0
and thus Q = 0.
2.1 Superpotential Formalism
The so-called fake superpotential method, which allows to describe solutions to sec-
ond order equations of motion of a theory in terms of first order equations, has
played a central role in the Hamilton-Jacobi approach as well as in the description of
holographic RG flows. For the latter, work in the literature has been in the context
of geometries which respect relativistic symmetries. In this paper we plan to extend
this analysis to our more general class of geometries, and explore the implications
for monotonicity properties.
4This conserved quantity can be defined for a more general theory with broken U(1) symmetry
(see [32]). It is possible to include additional field content, for example, axionic scalars. The
consequence of the thermodynamics from Q was also discussed in detail in [32].
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To this end, we make use of the radial Hamiltonian formalism developed in [24],
where the authors also identified a fake superpotential W . Indeed, our model (2.1)
falls within the class of theories studied in [24], where the superpotential W was
introduced5 through the action S evaluated at a radial cutoff in the following way,
S = − 1
2κ2
∫
ddx
[
edA
√
f W (A, φ)− 2κ2ρAt
]
. (2.13)
Here A, f , φ and At are, respectively, the metric components, scalar field and time
component of the gauge field appearing in the ansatz (2.2). Finally, ρ denotes the
background electric charge density.6
As shown in [24], the superpotential and its derivatives obey
A˙ = − 1
2(d− 1) W , (2.14)
f˙
f
= − 1
d− 1 WA , (2.15)
φ˙ = Wφ , (2.16)
where WA ≡ ∂AW and similarly Wφ ≡ ∂φW . Moreover, rearranging the equations
of motion one can show that the superpotential obeys the first order differential
equation
1
2
W 2φ −
1
4(d− 1)(d+ ∂A)W
2 = Veff (Φ) , (2.17)
where
Veff (φ,A) = V (φ) + 2Z
−1e−2(d−1)A(κ2ρ)2 . (2.18)
In the relativistic case corresponding to f = 1 (and thus WA = 0), and in the absence
of a vector field this reduces, as it should, to what was found in [21],
1
2
W 2φ −
d
4(d− 1)W
2 = V . (2.19)
For completeness, we include here the null energy conditions (NEC) for the
metric (2.2), which are given by
f˙
f
A˙− 2A¨ ≥ 0 and dA˙f˙ + f¨ − f˙
2
2f
≥ 0 , (2.20)
5Note that [24] used a different normalization for the scalars. We have also rescaled the super-
potential by a factor of 1/2, i.e. to match with the notation of [21] one must send W → 2W .
6Although we will not consider it here, the analysis of [24] is also valid for backgrounds which
include a magnetic field. Much of our later analysis can be generalized to include such cases.
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and can be read off immediately7 from [25]. Note that for the theory (2.1), the
equations of motion imply
dA˙f˙ + f¨ − f˙
2
2f
= e−2AZA˙t
2 > 0 , (2.21)
and thus the second NEC condition is satisfied automatically. Finally, expressed in
terms of the superpotentials, the two conditions (2.20) become
W˙ +
1
2(d− 1)W WA ≥ 0 , (2.22)
dW WA − 2(d− 1)W˙A +W 2A ≥ 0 . (2.23)
We will return to these in the next section, when we comment on entanglement
entropy and connect to the results of [25].
3. Monotonicity Conditions and Constraints
Having setup the holographic system we are going to work with, we ask whether
there are generic features that appear in the structure of the solutions, as the energy
scale of the dual field theory is varied. In particular, we inspect the radial flow
of various quantities including the superpotentials W and WA, with the goal of
identifying possible monotonic features. Indeed, we will see that there are certain
special quantities which vary monotonically as they approach the IR from the UV
fixed point, and which can be used to characterize the flow.
3.1 Monotonicity of warp factor and Raychauduri’s equation
We start by examining the properties of the warp factor A(r), whose radial derivative
is related to the superpotential W through (2.14). As we will show, in our construc-
tion the sign of W can be easily fixed. Indeed, this can be seen by adopting a new
radial coordinate z,
ds2 =
1
z2H(z)
dz2 +
1
z2
(−F (z)dt2 + d~x2) , (3.1)
in terms of which the asymptotic UV boundary is now located at z = 0. To recover
the original form (2.2) of the metric we have been using, one needs the following
identification,
dr = − 1
z
√
H(z)
dz, e2A(r) =
1
z2
, f(r) = F (z) . (3.2)
7To avoid getting confused over notation, we use f˜ and g˜ for the two functions of [25] whose
radial derivatives encode the two NECs. In terms of the notation of this section, we then have
f˜ = − A˙√
f
= W
2(d−1)√f and g˜ =
1
2e
dA f˙√
f
= −√fedA WA2(d−1) .
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It then immediately follows that
A˙(r) =
dA(r)
dr
=
dz
dr
dA(r)
dz
=
dz
dr
d(−ln(z))
dz
= −z
√
H(z)
d(−ln(z))
dz
=
√
H(z) > 0 ,
(3.3)
showing that A(r) is monotonic and fixing the sign of the superpotential,
W ≤ 0 . (3.4)
This result can also be obtained using the Raychauduri’s equation. Let’s consider
the congruence of in-going null geodesics that is given by
na =
e−2A
f
(
∂
∂t
)a
− e
−A
√
f
(
∂
∂r
)a
. (3.5)
Then the expansion parameter θ of the congruence is obtained by
θ = gab∇anb = −(d− 1)e
−A
√
f
A˙ . (3.6)
Imposing the NEC, from Raychauduri’s equation one obtains
dθ
dλ
6 − 1
d− 1 θ
2 , (3.7)
with λ the affine-parameter. Therefore, if the expansion parameter takes a negative
value θ0 at any point on a geodesic in the congruence, the expansion will be negative
until it arrives at, if it exists, a caustic at which θ becomes negative infinity and
jumps from −∞ to +∞. For the background geometry (2.2), near the UV boundary
we have A(r) = r/L and f(r → ∞) approaches a positive constant. Thus, one
obtains from (3.6) that θ ∼ −d−1
L
e−r/L < 0 near the UV. If there is no caustic for the
geometry (2.2) from the IR to the UV, θ can not increase along the null geodesic,
and thus we must have A˙ > 0.
We point out that the author of [33] proposed to use congruences of null geodesics
as probes for the sampling of the holographic encoding of information in gravitational
theories. This idea has been realized by [34], in which the expansion parameter of
the null congruence was used to extract the information encoded holographically in
the geometry. The key point is the requirement for the convergence of in-going null
geodesics [34]
θ 6 0 , (3.8)
along the radial direction. This condition agrees with our earlier result (3.3). What’s
more, from our arguments based on the coordinate system (3.1), one can show that
indeed there is no caustic outside the horizon for our background (2.2). Thus, it is
safe to conclude that A˙ > 0. We also stress that the monotonicity of the warp factor
A(r) is purely geometrical, i.e. it involves no use of any fields equation. We also
showed that if the Einstein’s equations holds with the matter stress energy tensor
satisfying the NEC, then A(r) should be monotonic in the absence of caustic for the
geometry.
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3.2 Refraction index monotonicity in EMD theories
The next quantity which we are interested in examining is the refraction index n,
which was introduced first in [35] and describes the relative speed of propagation of
light-like signals. To our knowledge, very little is known about its generic properties,
and the most extensive discussions in holography to date can be found in [8, 9,
10]. In particular, the authors of [8, 9] examined the UV/IR behavior of n (which
describes the renormalization of length scales in the system) and how it varies as
a function of the deformation parameter which controls the holographic boomerang
RG flows. Moreover, it was shown in [10] that in the corresponding holographic
constructions n flows monotonically from the UV to the IR. Here we would like to
better understand the behavior of n and, in particular, to identify the potential origin
of such monotonicity, if it indeed generic.
For our metric (2.2) the index of refraction at a particular radial location has
the form n(r) =
√
f and its radial derivative, from which one can determine its
monotonicity, is given by
n˙ =
1
2
f˙√
f
. (3.9)
Using (2.9) and (2.10) one finds that
n˙ =
1
2
f˙√
f
= −1
2
Q e−dA + κ2e−dAAt ρ = κ2e−dA(T s+ At ρ) . (3.10)
where we have used the definition of charge density (2.11).
Note that in the simple case of Einstein-scalar theory without a gauge field
(At = 0), we have
n˙ = κ2e−dAT s > 0 , (3.11)
implying that n is necessarily monotonic. The lower limit n˙ = 0, corresponding to
n being constant along the flow, is particularly interesting. It describes geometries
which are extremal, since T = 0 for such solutions. Indeed, for pure Einstein-scalar
theories the extremality condition combined with (2.9) implies
Q = −e
dAf˙√
f
= 0⇒ f(r) = constant . (3.12)
This means that extremal geometries in Einstein-scalar theory are relativistic inde-
pendently of which potential V (φ) one chooses 8, i.e. they are described by a metric
of the form
ds2 = dr2 + e2A(r)(−dt2 + d~x2) , (3.13)
where for convenience we have set f(r) = 1. This is not true for Einstein-Maxwell-
scalar theories due to the contribution from the second term of (2.9). Note that
8Some concrete examples are illustrated in Appendix A.
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there is an alternative way to reach this result. Recall that in the analysis of [25] the
deviation from a relativistic metric was captured by a non-zero value of the function
g introduced there, which was useful because it allowed to express the NEC in a
simple way, g′ ≥ 0. As it turns out, for Einstein-scalar theories the quantity (2.9) is
is essentially the non-relativistic function g of [25],
Q = −2g .
Thus, we immediately see that any Q = 0 geometry supported by such theories
will have to be relativistic. From this we conclude that in Einstein-scalar theories
n = constant corresponds to extremal geometries which are relativistic.
More generally, in the presence of a gauge field one immediately has n˙ > 0 as
long as At ρ > 0. Thus, if the latter condition holds we have once again that n is
monotonic along the radial direction. To prove that indeed At ρ > 0 for charged
black holes, we take without loss of generality ρ > 0. Then one observes from (2.11)
that
A˙t = 2κ
2e(2−d)A
√
f
Z
ρ > 0 , (3.14)
implying that At increases monotonically with increasing radius in general. Using
the condition At(rh) = 0, one immediately finds that
At(r) > 0, (r > rh) , (3.15)
with a positive chemical potential µ = At(r → ∞). Thus, we have At ρ > 0 for the
charged case, telling us that we always have
n˙ ≥ 0 . (3.16)
Thus, the refraction index n is always monotonic for Einstein-Maxwell-scalar theories
of the form (2.1). It would be interesting to explore to what extent the monotonicity
of n is a completely general feature, or if it no longer holds in the presence of a more
complicated matter sector. The boomerang flows of [8, 9, 10] would be a particularly
intriguing examples to examine (note that the refraction index was indeed monotonic
in the flows considered in [10]). Finally, note that in terms of the superpotential we
have
n˙ =
1
2
f˙√
f
= −
√
f
2(d− 1)WA , (3.17)
and thus the monotonicity of n is connected to f˙ or WA having a definite sign. More
specifically, it implies that
f˙ ≥ 0 or equivalently WA ≤ 0 . (3.18)
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3.3 Superpotentials and monotonicity conditions
After analysing the behavior of the two metric components A and f , which are both
monotonic functions of the radial coordinate, we are able to fix the signs of the
superpotentials in EMD theories,
W ≤ 0 , WA ≤ 0 . (3.19)
Next, we inspect in more detail how the superpotentials behave under RG flow,
in the hope of identifying additional quantities (other than the refractive index n)
which may be monotonic and potentially play the role of a c-function – providing a
quantitative measure for the varying number of degrees of freedom along the flow.
For relativistic backgrounds (for which WA = 0) the c-function is related to the su-
perpotential W in a straightforward way, and the monotonicity of the former follows
immediately from that of the latter. In particular, a monotonic superpotential is
guaranteed by the fact that its radial derivative obeys W˙ ∼ φ˙2 ≥ 0, and this is es-
sentially at the core of the existence of a c-theorem. Motivated by these observations,
we want to examine how to generalize this story to non-relativistic geometries.
Recall that in the relativistic case, the beta function for the scalar field in
Einstein-scalar theories was related to the superpotential in a simple way [21], through
β(φ) = −2(d− 1)Wφ
W
. (3.20)
In the case of non-relativistic backgrounds arising in the EMD theories (2.1), this
construction can be easily extended. In particular, we denote the QFT energy scale
by
E = E0
√
feA , (3.21)
and define the beta function via
β(φ) ≡ dφ
d logE
= E
dφ
dE
. (3.22)
We then find that (3.20) generalizes to
dφ
d logE
=
φ˙
A˙+ f˙
2f
⇒ β(φ) = −2(d− 1) Wφ
W +WA
. (3.23)
We now see clearly that the flow is controlled by the behavior of both A and f , as
expected. Moreover, in the relativistic case WA = 0 and one recovers the result of
[21], a simple check on the analysis. Finally, using (3.19) we conclude that for our
EMD theory the sign of β is entirely determined by the sign of Wφ, an intriguing
feature which is unexpected.
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Appropriately rearranging the equations of motion for our EMD model, we can
extract the radial derivatives of the superpotentials. In particular, from the equation
of motion for A we find that
dW
dr
= φ˙2 − WWA
2(d− 1) , (3.24)
which tells us that W is not generically monotonic for backgrounds that are non-
relativistic, since WWA ≥ 0 and therefore the two terms on the right hand side
compete with each other. 9 In the relativistic case we recover W˙ = φ˙2 ≥ 0 as
anticipated. For EMD theories, the second superpotential WA obeys
dWA
dr
=
d
2(d− 1)WA
(
W +
WA
d
)
− (d− 1)Z(φ)e−2A A˙
2
t
f
, (3.25)
where again in general we see a competition between the first term containing W
and WA, which is always positive due to (3.19), and the gauge field term, which is
always negative (note that Z(φ) > 0). However, in the special case of Einstein-scalar
theories (for which At = 0) we have the stronger result
dWA
dr
=
d
2(d− 1)WA
(
W +
WA
d
)
≥ 0 , (3.26)
implying that WA is always monotonic.
Thus, so far we have identified three quantities that, under appropriate condi-
tions, behave monotonically under RG flow: the warp factor A, the index of refrac-
tion n in EMD theories, and the superpotential WA in Einstein-scalar theories. Note,
however, that both n and WA are trivial in the relativistic limit – the former becomes
a constant and the latter vanishes – and therefore are not general enough to capture
the expected relativistic behavior and the physics of a sensible c-function. We would
like to do better, and look for a different quantity that may be monotonic and in
addition reduce to the known relativistic result. To this end, we consider first the
simpler case of Einstein-scalar theory, and take the following combination of (3.24)
and (3.26),
d
dr
(
W +
1
d
WA
)
=
1
2d(d− 1)W
2
A + φ˙
2 ≥ 0 . (3.27)
Thus, we immediately see that the combination
W +
1
d
WA (3.28)
is always monotonic in Einstein-scalar theories. Furthermore, it reduces to the correct
c-function in the presence of relativistic symmetry, and is therefore a better candidate
than either n or WA.
9The breakdown of monotonicity of W at finite temperature in the Einstein-scalar theories is
discussed in Appendix B.
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Going back now to the general EMD theory, (3.27) is modified as follows,
d
dr
(
W +
1
d
WA
)
=
1
2 d(d− 1)W
2
A + φ˙
2 − (d− 1)
d
Z(φ) e−2A
A˙2t
f
, (3.29)
where again we see a clear competition between the first two terms and the last
one – the negative contribution from the gauge field term spoils the monotonicity
condition. We still have a monotonic flow when the right hand side of (3.29) has a
definite sign from the UV to the IR, but the physical interpretation of this condition
is not clear. Still, we have computed the quantity (3.29) for many known solutions
in the literature, and found several instances in which the flow is monotonic. It is
surprising and intriguing that this seems to be the norm rather than the exception.
We have devoted Section 4 to a detailed discussion of these cases, and in Section 5
we discuss the conditions under which the monotonicity breaks down.
3.4 Connections to entanglement entropy and c-functions
Next, we would like to consider the constraints from NEC (2.20) and entanglement
entropy, revisiting the arguments of [25]. Recall that a candidate c-function was
suggested by the authors of [36]:
cd ≡ βd `
d−1
Hd−2
∂SEE
∂`
, (3.30)
where SEE denotes the holographic entanglement entropy for a strip-shaped region
of width `, βd is a numerical factor and the size of the plane H  ` can be thought
of as an infrared regulator. The holographic entanglement entropy for such a region
can then be shown to be given by [25]
SEE =
4piHd−2
κ2
∫ rc
rm
dr
e(d−2)A√
1− e−2(d−1)(A−A(rm)) , (3.31)
with the width of the strip
` = 2
∫ ∞
rm
dr
e−A√
e2(d−1)(A−A(rm)) − 1 , (3.32)
where rc is a fixed UV cutoff and rm is the turning point of the bulk minimal surface
(i.e. the minimal radius which it reaches in the bulk).
The criterion for a monotonic c-function is that dcd/d` should have a definite
sign, and in particular we expect it to be be negative (or zero for trivial flows) in
this setup. The authors of [36], who worked with relativistic geometries, showed
that d`/drm ≤ 0 for minimal surfaces under the assumption that A˙ = dAdr ≥ 0. Note
in particular that indeed A˙ > 0 as shown in section 3.1. So one will recover the
standard Wilsonian RG intuition provided that dcd/drm ≥ 0.
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Following the strategy of [36], the running of cd as a function of rm was computed
by [25], and found to be given by
dcd
drm
= −γ A˙(rm)
∫ `
0
dx
A¨
A˙2
=
γ
2
A˙(rm)
∫ `
0
dx
1
A˙2
[(
f˙ A˙
f
− 2A¨
)
− f˙ A˙
f
]
, (3.33)
with γ a positive numerical factor. In the second equality, the integrand inside the
round parentheses is non-negative due to NEC, see (2.20). However, NEC is not
enough to ensure that (3.33) has a definite sign. The condition f˙ A˙ 6 0 would in
principle guarantee that we always have dcd/drm > 0 and hence a monotonic flow for
the c-function (it would be a sufficient condition, but not necessary). Indeed, this was
noted in [25], who discussed restrictions on (the UV values of) the metric functions
A and f that ensured dcd/drm > 0 along the radial flow. However, in general one
can not have f˙ A˙ 6 0. In fact, we have just seen that for the Einstein-Maxwell-scalar
theories (2.1) we are considering, f˙ A˙ > 0 instead (this follows from the fact that
A˙ ≥ 0 and n˙ ≥ 0).
Another way to state this is to note that the monotonicity of cd is affected by
whether A¨ ∝ W˙ changes sign, and from the discussion around (3.24) we know that
W is not generically monotonic in EMD theories. Thus, we shouldn’t expect cd to
be monotonic, unless special restrictions on the geometry are imposed. Here we are
restating some of the results of [25], but now interpreted from the point of view of
the superpotential. We also note that while in the relativistic case A¨ ≤ 0 (which
ensures that dcd
drm
≥ 0), for non-relativistic backgrounds one can in principle have
A¨ ≥ 0. According to (3.33), this would correspond to a monotonic flow “in the
wrong direction,” with the candidate c-function decreasing towards the UV.
To summarize, one has a monotonic cd provided
∫ `
0
dx A¨
A˙2
in (3.33) has a definite
sign. What this discussion also indicates is that this particular candidate c-function,
derived from the entanglement entropy of an infinite strip, may not be the best
quantity to capture the number of degrees of freedom at different energy scales.
A better quantity to use, at least in the case of Einstein-scalar theories, may be
W + 1
d
WA, which is indeed monotonic along the radial flow. Perhaps the index of
refraction n, which is monotonic generically in these theories, is also a viable measure
to adopt.
3.5 Monotonicity of the energy scale
Before proceeding to examining specific examples, we comment briefly on the energy
scale that we will adopt to describe our holographic RG flows. To discuss RG flow one
needs to introduce an energy scale, which in holography should relate to the radial
coordinate in the bulk. A fundamental formulation of the relation between scales on
the boundary and bulk physics is still not fully understood, and in particular how
to define a proper energy scale that can capture the behavior of the dual boundary
field theory is still an open question.
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In the relativistic context, corresponding to setting f = 1 in the metric (2.2),
the energy scale has been taken to be E = E0 e
A with E0 a constant. To take into
account the non-relativistic features of the flows we are examining, we propose the
following scale,
E = E0
√
feA . (3.34)
It should vary monotonically with the radial coordinate, and reduce to the one used
in the relativistic case (which clearly it does). To determine whether it flows mono-
tonically, we must inspect the sign of its radial derivative,
E˙ = E
(
A˙+
f˙
2f
)
= − E
2(d− 1)(W +WA) . (3.35)
Recall that we have shown that both A˙ and f˙ are non-negative, or alternatively in
terms of the superpotentials
W ≤ 0 , WA ≤ 0 . (3.36)
Using (3.36) we see that E˙ has a definite sign, and thus E is indeed a monotonic
function of r. Moreover, it increases as one approaches the UV boundary. This
is expected and consistent with the holographic picture, and in particular the UV-
IR relation. Finally, note that in our present study the precise relation between
the energy scale E and the radial position is not important, because we are only
interested in the monotonicity condition of the RG flow. Moreover, it is sufficient to
consider the flow as a function of the radial coordinate, since the energy scale E has
been shown to be increase monotonically along the radial coordinate from IR to UV.
4. Examples
Next, we will examine the behavior of the superpotentials W and WA as they flow
from the UV to the IR using explicit analytical black hole solutions. In particular,
we will test the monotonicity properties of the quantity W + 1
d
WA using certain black
hole solutions to EMD theories. We will find, surprisingly, that the monotonicity of
W + 1
d
WA is stronger than naively apparent from (3.29).
4.1 Supergravity solutions in AdS4
We consider three special cases of maximal gauge supergravity in four dimensions,
which were first obtained from a more general black hole with four U(1) charges
in [37]. The precise form of the solutions is summarized in Table 1, with the back-
ground ansatz taking the following form,
ds24 =
dr¯2
e2A¯(r¯)f¯(r¯)
+ e2A¯(r¯)(−f¯(r¯)dt2 + d~x2) , φ = φ¯(r¯) , Aµdxµ = A¯t(r¯)dt . (4.1)
– 15 –
Table 1: Analytic solutions from supergravity in AdS4.
one-charge two-charge three-charge
V (φ) −6 cosh(φ/√3) −2(coshφ+ 2) −6 cosh(φ/√3)
Z(φ) e
√
3φ eφ eφ/
√
3
e2A r¯3/2(r¯ +Q)1/2 r¯(r¯ +Q) r¯1/2(r¯ +Q)3/2
f 1− r¯
2
h(r¯h +Q)
r¯2(r¯ +Q)
1− r¯h(r¯h +Q)
2
r¯(r¯ +Q)2
1− (r¯h +Q)
3
(r¯ +Q)3
At
√
Qr¯h√
r¯h +Q
(
1− r¯h +Q
r¯ +Q
) √
2Qr¯h
(
1− r¯h +Q
r¯ +Q
) √
3Q(r¯h +Q)
(
1− r¯h +Q
r¯ +Q
)
φ
√
3
2
ln
(
1 +
Q
r¯
)
ln
(
1 +
Q
r¯
) √3
2
ln
(
1 +
Q
r¯
)
T
(3r¯h + 2Q)
√
r¯h
4pi
√
r¯h +Q
3r¯h +Q
4pi
3
√
r¯h(r¯h +Q)
4pi
µ
√
Qr¯h√
r¯h +Q
√
2Qr¯h
√
3Q(r¯h +Q)
The corresponding temperature is given by
T =
f¯ ′(r¯h)e2A¯(r¯h)
4pi
, (4.2)
with r¯h the location of the event horizon. See [38] for a more detailed discussion of
the thermodynamic and spectral properties.
Before proceeding, we connect the coordinate system of (4.1) with the one we
used in our discussion, (2.2). It is easy to see that the two coordinate systems are
related by
dr =
dr¯
eA¯(r¯)
√
f¯(r¯)
, (4.3)
with {A(r), f(r), φ(r), At(r)} = {A¯(r¯), f¯(r¯), φ¯(r¯), A¯t(r¯)}. Armed with this, we can
obtain the corresponding superpotential quantities in the r¯-coordinate,
W = −4A˙(r) = −4eA¯(r¯)
√
f¯(r¯) A¯′(r¯) , (4.4)
WA = −2f˙/f = −2eA¯(r¯)
√
f¯(r¯)
f¯ ′(r¯)
f¯(r¯)
, (4.5)
W +
1
3
WA = −4A˙(r)− 2
3
f˙/f = −2eA¯(r¯)
√
f¯(r¯)
(
2A¯′(r¯) +
1
3
f¯ ′(r¯)
f¯(r¯)
)
. (4.6)
We can now check the monotonicity behavior of the superpotential quantities we
discussed in the previous section using these explicit supergravity solutions. We
shall work in the grand canonical ensemble with the chemical potential µ fixed to be
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unity. It is straightforward to check that both the refraction index n and the warp
factor A are increasing monotonically towards the UV.
The superpotential W and the combination W + 1
3
WA for the one-charge, two-
charge and three-charge black hole solutions are shown in Figures 1, 2 and 3, re-
spectively. In the first two cases we see that there are two branches of black hole
solutions for a given temperature: a branch with a small horizon radius r¯h, and
the other one corresponding to a large value of r¯h. Moreover, there is a minimum
temperature Tm below which no black hole solutions exist. On the other hand, in
the case of the three-charge black hole there is only one branch of solutions, and the
extremal IR geometry is conformal to AdS2 × R2. As one can see, the one-charge
and two-charge black holes share similar features. In particular, W (shown in the
left plots) is monotonic in the branch with large r¯h, while it is non-monotonic in
the small r¯h branch. For the three-charge case, W behaves non-monotonically at low
temperatures, but becomes monotonic when the temperature is increased sufficiently.
The crucial feature, however, is that in all these cases, W + 1
3
WA is monotonic as a
function of r¯. More precisely, it increases monotonically towards the UV.
5 10 50 100 r
0.5
1
5
10
-W
5 10 50 100 r
5
10
20
50
-(W+WA/3)
1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0
0.5
1.0
1.5
2.0
2.5
rh
T
Figure 1: The superpotentials with respect to the radial coordinate r¯ for the one-charge
black hole at different temperatures. The inset shows the temperature as a function of
r¯h with r¯h > 1. There are two branches of solutions for a given temperature above the
minimum temperature Tm =
√
3/2/pi at r¯h =
√
5/3 (green). The superpotential W
(left panel) is monotonic in the branch with large r¯h, while non-monotonic in the small r¯h
branch. In contrast, the quantity W + 13WA (right panel) is always monotonic as a function
of r¯. We have worked in units with µ = 1.
4.2 Black Brane Solutions in the STU Model
Next, we examine a class of analytical five-dimensional black brane solutions that
arise from a particular limit of the STU model in maximally supersymmetric gauged
supergravity10. These solutions, which were studied in [39], correspond to a limit of
the STU model in which two of the three charges are taken to be equal to each other.
10The Kaluza-Klein reduction of Type IIB supergravity on S5 can be consistently truncated to
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Figure 2: The superpotentials with respect to the radial coordinate r¯ for the two-charge
black hole at different temperatures. The inset shows the temperature as a function of
r¯h with r¯h > 0. There are two branches of solutions for a given temperature above the
minimum temperature Tm =
√
3/2/(2pi) at r¯h =
√
1/6 (green). The superpotential W
(left panel) is monotonic in the branch with large r¯h, while non-monotonic in the small r¯h
branch. In contrast, the quantity W + 13WA (right panel) is always monotonic as a function
of r¯. We have worked in units with µ = 1.
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Figure 3: The superpotentials with respect to the radial coordinate r¯ for the three-charge
black hole at different temperatures. The inset shows the temperature as a function of
r¯h with r¯h > 0 (the extremal case corresponds to the purple curve with r¯h = 0). The
extremal IR geometry is semi-local and is conformal to AdS2 × R2. The superpotential
W (left panel) is not monotonic at low temperatures, but becomes monotonic when the
temperature is increased. The combination W + 13WA (right panel) is always monotonic
as a function of r¯. We have worked in units with µ = 1.
In this truncation of the STU model, only one scalar field is turned on, along with
two gauge fields and gravity. Moreover, the one-charge and two-charge black brane
solutions in this theory are supported by just one gauge field, so that the effective
the lowest-mass modes lying in a single five-dimensional multiplet, resulting in five-dimensional
maximally supersymmetric gauged supergravity. The STU model is the consistent truncation of
the full theory that includes the metric, three gauge fields and two scalars.
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lagrangian is of the same form we are considering in (2.1), with the scalar potential
V (φ) = − 8
L2
eφ/
√
6 − 4
L2
e−2φ/
√
6 , (4.7)
and the couplings of the scalar to the gauge field 11 given by
Z(φ) = e−4φ/
√
6 one-charge case , Z(φ) = e2φ/
√
6 two-charge case . (4.8)
The background ansatz is of the form
ds25 =
e2B¯(r¯)dr¯2
f¯(r¯)
+ e2A¯(r¯)(−f¯(r¯)dt2 + d~x2) , φ = φ¯(r¯) , Aµdxµ = A¯t(r¯)dt , (4.9)
and the temperature is given by
T =
f¯ ′(r¯h)
4pi
eA¯(r¯h)−B¯(r¯h) , (4.10)
with r¯h the location of the event horizon. To connect to the coordinate system
of (2.2) we use
dr =
eB¯(r¯)dr¯√
f¯(r¯)
. (4.11)
For the one-charge black hole the background is given by
A¯(r¯) = ln
r¯
L
+
1
6
ln
(
1 +
Q2
r¯2
)
, B¯(r¯) = − ln r¯
L
− 1
3
ln
(
1 +
Q2
r¯2
)
, (4.12)
f¯(r¯) = 1− r
2
h(r¯
2
h +Q
2)
r2(r¯2 +Q2)
, φ¯(r¯) = −
√
2
3
ln
(
1 +
Q2
r¯2
)
, A¯t(r¯) = µ
(
1− r¯
2
h +Q
2
r¯2 +Q2
)
,
where the chemical potential12 µ and the temperature are
µ =
Qr¯h
L
√
r¯2h +Q
2
, T =
2r¯2h +Q
2
2piL2
√
r¯2h +Q
2
. (4.13)
For the 2-charge black hole instead we have
A¯(r¯) = ln
r¯
L
+
1
3
ln
(
1 +
Q2
r¯2
)
, B¯(r¯) = − ln r¯
L
− 2
3
ln
(
1 +
Q2
r¯2
)
, (4.14)
f¯(r¯) = 1− (r¯
2
H +Q
2)2
(r¯2 +Q2)2
, φ¯(r¯) =
√
2
3
ln
(
1 +
Q2
r¯2
)
, A¯t(r¯) =
√
2Q
L
(
1− r¯
2
H +Q
2
r¯2 +Q2
)
,
with the chemical potential13 µ and temperature given by
µ =
√
2Q
L
, T =
rH
piL2
. (4.15)
11We have rescaled the gauge fields of [39] via aµ → aµ/2, Aµ → Aµ/2
√
2 in order to use the
standard normalization for Z, i.e. Z(φ = 0) = 1.
12Because of the gauge field rescaling, our chemical potential is twice that of [39].
13Once again, our chemical potential needs to be divided by 2
√
2 to agree with [39].
– 19 –
5 10 50 100 r
0.5
1
5
10
-W
5 10 50 100 r
10
20
50
-(W+WA/4)
1.0 1.5 2.0 2.5 3.0 3.5
0.0
0.5
1.0
1.5
2.0
2.5
rh
T
Figure 4: The superpotentials with respect to the radial coordinate r¯ for the one-charge
black hole in the STU model. The inset shows the temperature as a function of r¯h with
r¯h > 1. There are two branches of solutions for a given temperature above the minimum
temperature Tm =
√
2/pi at r¯h =
√
3/2 (green). The superpotential W (left panel) is
monotonic in the branch with large r¯h, while non-monotonic in the small r¯h branch. In
contrast, the quantity W + 14WA (right panel) is always monotonic as a function of r¯. We
have worked in units with µ = 1 and L = 1.
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Figure 5: The superpotentials with respect to the radial coordinate r¯ for the two-charge
black hole in the STU model at different temperatures. The inset shows the temperature
as a function of r¯h with r¯h > 0 (the extremal case corresponds to the purple curve with
r¯h = 0). The superpotential W (left panel) is not monotonic at low temperatures, but it
becomes monotonic when the temperature is increased. W + 14WA (right panel) is always
monotonic as a function of r¯. We have worked in units with µ = 1 and L = 1.
For both of these solutions we have tested the monotonicity properties of the
combination
W +
1
4
WA = −
(
6A˙+
3
4
f˙
f
)
= −3e−B¯
√
f¯
(
2A¯′ +
1
4
f¯ ′
f¯
)
, (4.16)
where primes denote derivatives with respect to the radial coordinate r¯. The cor-
responding plots for the one-charge and two-charge cases are given in Figure 4 and
Figure 5, respectively. We see that both cases lead to a monotonic flow for the com-
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bination W + 1
4
WA, although the superpotential W does not behave monotonically.
This provides yet another example of a non-trivial class of solutions supported by
gauge fields for which the combination W + 1
d
WA behaves monotonically. Next, we
examine the generic UV expansion for the fields in our theory, and identify a set of
conditions that can guide us to determine whether we should expect a breakdown of
the monotonicity.
5. The Breakdown of Monotonicity and UV Expansions
By analyzing the UV structure of the geometry, we can be more quantitative about
the breakdown of the monotonicity of W + 1
d
WA, which we recall obeys the following
relation,
d
dr
(
W +
1
d
WA
)
=
1
2 d(d− 1)W
2
A + φ˙
2 − (d− 1)Z e
−2A
d
A˙2t
f
. (5.1)
In particular, in order to determine if W + 1
d
WA increases monotonically towards the
UV, a good starting point is to check its behavior near the AdS boundary. Without
loss of generality, near the AdS boundary we parameterize the scalar coupling and
scalar potential as follows,
Z(φ) = 1 + αφ+ . . . , V (φ) = −d(d− 1)
L2
+
1
2
m2φ2 + . . . , (5.2)
where we have chosen φ→ 0 at the UV fixed point for convenience, and the parameter
m2 is the mass of the scalar field.
The asymptotic expansions near the AdS boundary r → ∞ are schematically
given by
φ(r) = φs e
−∆−r/L + · · ·+ φv e−∆+r/L + . . . , (5.3)
At(r) = µ− 2κ
2Lρ
d− 2 e
−(d−2)r/L + . . . , (5.4)
f(r) = 1−Me−d r/L + . . . , (5.5)
A(r) =
r
L
+ . . . , (5.6)
with14 ∆± = (d ±
√
d2 + 4m2L2)/2. The constant M can be fixed by the horizon
data, Ts, as well as the charge density via the radially conserved quantity Q (2.9).
14In the special case with m2L2 = −d2/4, corresponding to the UV BF bound with ∆− = ∆+ =
d/2, one has φ(r) = rLφs e
− d2 rL + φv e−
d
2
r
L + . . . . This case dose not change our general discussion
below. A concrete example is the STU mode discussed in section 4.2, where both black brane
solutions (4.12) and (4.14) have no sources, i.e. φs = 0.
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We are interested in identifying cases for which the quantity W + 1
d
WA may not
increase monotonically. Let’s first consider the case without the scalar source term,
for which we obtain from (5.1) that
d
dr
(
W +
1
d
WA
)
= wMM
2e−2d r/L + wvφ2ve
−2∆+r/L − wρρ2e−2(d−1)r/L + . . . , (5.7)
with wM , wv, wρ positive constants. Note that the first term is smaller than the third
term. What this implies15 is that d
dr
(
W + 1
d
WA
)
can be negative when ∆+ > d− 1,
which is equivalent to having m2L2 > 1− d.
For the case with a non-vanishing source φs we have
d
dr
(
W +
1
d
WA
)
= wMM
2e−2d r/L + wsφ2se
−2∆−r/L − wρρ2e−2(d−1)r/L + . . . (5.8)
where ws is a positive constants. Note that ∆− = (d −
√
d2 + 4m2L2)/2 6 d/2,
immediately telling us that ∆− < d− 1 for generic d > 2. Thus, the second positive
term itself is sufficient to guarantee that d
dr
(
W + 1
d
WA
)
is positive near the AdS
boundary.
To summarize what we found, one can violate the monotonically increasing be-
havior of W + 1
d
WA in the following case
16
φs = 0, m
2L2 > 1− d . (5.9)
As an extreme example, we check the Reissner-Nordstro¨m black hole where φ = 0.
According to the discussion above, W + 1
d
WA will decrease towards the UV near the
AdS boundary. In terms of the coordinate system (4.1), one has
f¯(r¯) = 1− r¯
3
h
r¯3
+
µ2r¯2h
4r¯4
(
1− r¯
r¯h
)
, e2A¯(r¯) = r¯2 , A¯t(r¯) = µ
(
1− r¯h
r¯
)
, (5.10)
where we have chosen V = −6 and Z = 1 in a four dimensional spacetime (d = 3).
We display the corresponding behavior of W + 1
3
WA as a function of the radial
coordinate r¯ in Figure 6. For a given temperature, it first increases and then decreases
as r¯ is increased.
Apart from the special case (5.9), one can in principle have W + 1
d
WA increase
monotonically towards the UV. For all the cases with a non-vanishing scalar source
we have checked, this is indeed the case.
15There is also a critical case with ∆+ = d − 1, for which one needs to compare the coefficients
of the last two terms of (5.7).
16For the black brane at finite temperature one finds ddr
(
W + 1dWA
)
= 2(d−1)d
1
(r−rh)2 + . . . near
the horizon. Thus, it is manifest that in the special case (5.9) the quantity W + 1dWA is non-
monotonic along the radial flow.
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Figure 6: The superpotential W+ 13WA as a function of the radial coordinate r¯ for the four
dimensional Reissner-Nordstro¨m black hole. It behaves non-monotonically with respect to
r¯. We have worked in the units with µ = 1.
6. Summary of Results and Conclusions
The issue of how to quantify the number of effective degrees of freedom of a system as
a function of its energy scale is a longstanding one, and it’s particularly challenging
when one can not rely on a high degree of symmetry. As an example, the c-theorem
hasn’t been extended yet to theories that are not Lorentz invariant at all energy
scales. It is still reasonable to expect, however, that we should be able to track the
loss of information or the loss of degrees of freedom in an arbitrary quantum system,
and that said loss should be monotonic as the energy scale varies, at least under
some appropriate set of restrictions.
In this paper we have attempted to make further steps in this direction within the
framework of holographic RG flows, by identifying a variety of monotonic quantities
in the class of EMD theories (2.1), working with non-relativistic geometries of the
form (2.2). In our analysis it has been particularly useful to adopt the superpotential
formalism, which was worked out by [24] for a broad class of theories including ours.
More specifically, for non-relativistic metrics of the form
ds2 = dr2 + e2A(r)(−f(r)dt2 + d~x2) , (6.1)
one can introduce the two superpotentials W = −2(d− 1)A˙ and WA = −(d− 1)f˙/f ,
which can then be utilized, along with Wφ = φ˙, to recast the second order bulk
equations into a first order differential equation, analogous to a flow equation. It
is the function f , or equivalently the second superpotential WA, which encodes the
deviation from Lorentz invariance in this setup (WA = 0 for relativistic symmetry).
For relativistic theories it is well known that the superpotential W , which varies
monotonically with the holographic coordinate, plays the role of the c-function. Thus,
its behavior is intrinsically useful in order to understand basic properties of holo-
graphic RG flows. Here we have examined to what extent one can identify quantities
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that are monotonic in our more general setup, where the background geometry is
non-relativistic and W is no longer the only superpotential which is directly associ-
ated with the geometry. We summarize here the main results of our work:
1. Extremal geometries arising in Einstein-scalar theories of the form L = R −
1
2
(∂φ)2 − V (φ) are relativistic. To have a non-relativistic extremal geometry,
one has to include, for example, a gauge field.
2. In the EMD theory (2.1) the warp factor A and the metric function f are
both monotonic, i.e. A˙ > 0 and f˙ > 0. The latter implies that the index of
refraction n is also monotonic.
3. Both WA and the combination W +
1
d
WA are monotonic in Einstein-scalar
theories. The superpotential W , on the other hand, is only monotonic when
φ˙2 − WWA
2(d−1) > 0. Thus, in this class of theories the quantity W +
1
d
WA offers a
possible generalization of the relativistic c-function (given by W ) and reduces
to it when WA = 0, as expected.
4. Although the special combination W + 1
d
WA is not generically monotonic in
the full EMD theory (2.1), it does vary in a monotonic fashion for many known
black hole solutions. That its monotonicity is somewhat robust is illustrated
with a number of examples in Section 4. The breakdown of this behavior can
be quantified by examining the UV structure of the geometry, as shown in
Section 5.
5. Using the conditions f˙ > 0 and A˙ > 0 we obtain WA 6 0 and W 6 0.
Then (3.35) tells us that in the EMD theory (2.1) the energy scale E varies
monotonically with the radial coordinate. In particular, E increases as one
moves to the UV boundary, which is consistent with the holographic picture
and in particular the UV-IR relation, although a fundamental formulation of
the relation between scale on the boundary and bulk physics is yet unknown.
We have also connected to the analysis of [25] and recast some of the properties
of the c-function cd obtained from holographic entanglement entropy in terms of the
superpotential W . Unlike in the relativistic case, the NEC (2.20) is not enough to
ensure that cd is monotonic, as discussed in [25]. The monotonicity of the c-function
is guaranteed provided (3.33) has a definite sign – more specifically, when A¨ ∼ −W˙
has a definite sign, i.e. W is monotonic. When A¨ 6 0, W is everywhere an increasing
function of the holographic coordinate and the c-function increases towards the UV,
dcd/drm ≥ 0. On the other hand, when A¨ > 0 (taking into account the geodesic
condition A˙ > 0) one finds that dcd/drm 6 0. This describes a monotonic RG
flow but with the opposite sign, with the c-function flowing in the wrong direction.
However, we stress that the condition A¨ > 0 can only be realized with non-relativistic
– 24 –
geometries (A¨ 6 0 in the relativistic case). Finally, even when W is not monotonic
– which will generically be the case – one still has a monotonic cd provided the
integrand in (3.33) has a definite sign.
The fact that the c-function cd obtained from entanglement entropy is only sen-
sitive to A¨ ∼ −W˙ already tells us that it may not be the most appropriate quantity
to consider, when thinking of generalizations of the relativistic c-function. In partic-
ular, we expect both W and WA to play a crucial role in characterizing the flow. This
intuition is confirmed by the structure of the β−function which we have derived in
Section 3, β(φ) = −2(d− 1) Wφ
W+WA
, which generalizes the relativistic version of [21].
It is interesting that the special combination W+ 1
d
WA, which is always monotonic in
Einstein-scalar theories but not generically in EMD theories, exhibits monotonicity
for a variety of charged black hole solutions to (2.1). Thus, this behavior is some-
what robust, even when W itself is clearly not monotonic. We would like to better
understand if this is a sign of a deeper structure, emerging at least in certain ranges
of parameter space or temperature, or whether it is simply accidental. It would also
be interesting to extend our analysis to theories that can support the boomerang RG
flows of [8, 9, 10], which require a more complicated matter content than the EMD
model examined here.
All in all, for the Einstein-scalar theory we have stronger constraints on the
monotonicity of RG flows. We have identified additional quantities that behave
monotonically in the more general framework of EMD theories, in particular the
warp factor and the refraction index n. However, the latter vanishes for relativistic
geometries and thus is not a particularly viable candidate for a generalized c-function,
which should reduce to the known Lorentz invariant result in the appropriate limit.
It is then natural to ask what is the appropriate way to quantify the changing number
of degrees of freedom – which quantity, if any, can be used to generalize the notion
of a c-function? While this issue remains open, our analysis clearly shows that even
in non-relativistic theories one can extract holographic features that are generic, and
identify geometric quantities that behave monotonically under RG flow. There is
still a question about their physical interpretation and fundamental origin, and of
whether they have a natural interpretation in the language of quantities such as
entanglement entropy.
We should also note that in the non-relativistic case one can define a slightly
different superpotential W˜ , related to ours through W˜ = W/
√
f . Using the equations
of motion, it is straightforward to check that dW˜
dr
= φ˙
2√
f
> 0 for Einstein-scalar
theories, showing that W˜ is monotonic, as discussed by [22] using a slightly different
coordinate system from ours. It would be interesting to study the behavior of W˜ in
the class of EMD theories (2.1) with generic non-relativistic geometries (2.2), and
ask whether one could improve on the monotonicity properties we have identified.
Finally, recently fixed-point annihilation and complex conformal field theories with
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complex RG flows have been discussed in holography for Einstein-scalar theories by
[40], who considered relativistic domain wall geometries. It would be interesting to
extend the discussion to more general cases relevant for describing non-relativistic
RG flows. We leave these questions to future work.
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Appendix A Extremal geometry in Einstein-Scalar theory
In this section we put forth a non-trivial example that illustrates the fact that ex-
tremal geometries in Einstein-scalar theories are relativistic. We consider the follow-
ing scalar potential,
V = 2V0 cosh[δφ] + 2V1 cosh[3δφ]− 6− 2(V0 + V1) , (1.1)
which will be engineered to admit two extrema (φ = φUV = 0, φ = φIR),
V ′(φ = φUV ) = 0, V ′(φ = φIR) = 0 , (1.2)
located at the UV and IR values of the scalar. The domain wall solutions flow
between two AdS4 fixed points,
ds2AdS4 =
L2
u2
du2 − u
2
L2
(−dt2 + dx2 + dy2) , (1.3)
with L = (LIR, LUV ) parametrizing the size of the AdS radius in the IR and UV,
respectively. In particular, the scalar field in the model rolls from a maximum of the
potential at φ = 0 in the UV to a minimum in the IR at φ = φIR, with the RG flow
traversing an intermediate regime between the two fixed points.
More precisely, expanding around the UV fixed point φ = 0, the potential V
reduces to
V (φ) = −6 + 1
2
m2UV φ
2 +O(φ4) , (1.4)
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from which we read off the UV AdS radius LUV and the scalar mass m
2
UV ,
LUV = 1, m
2
UV = 2δ
2(V0 + 9V1) . (1.5)
The requirement that φ = 0 is a maximum restricts V0 + 9V1 < 0. On the other
hand, around the IR fix point the potential reads
V (φ) = − 6
L2IR
+
1
2
m2IRφ
2 +O(φ− φIR)3 , (1.6)
with
L2IR = −
6
V (φIR)
, m2IR = 2δ
2(V0 cosh[δφIR] + 9V1 cosh[3δφIR]) . (1.7)
We now construct the full bulk solution which interpolates between the two AdS4
fixed points. For the numerics we consider the following ansatz,
ds2 =
1
X(u)
du2 +X(u)
(
−Y (u)
X(u)
dt2 + dx2 + dy2
)
, φ = φ˜(u) . (1.8)
To connect to our original coordinates (2.2), one makes the following identification,
dr =
du√
X(u)
, e2A(r) = X(u), f(r) =
Y (u)
X(u)
, φ(r) = φ˜(u) . (1.9)
Notice that the extremal geometry is relativistic when f is a constant. Thus, our main
task is to check whether the quantity Y (u)
X(u)
is independent of the radial coordinate
u or not. In our numerical analysis we first perform a series solution about the IR
AdS fixed point, to sufficiently high order, and then identify irrelevant deformations
triggered by the scalar perturbation. We then use this series solution to provide
boundary conditions for the numerical evolution towards the UV fixed point.
We consider two examples. In the first case, we choose the following parameters,
δ = 2/3, V0 = −1/2, V1 = 1/200 . (1.10)
The metric and scalar fields are shown by the blue curves in Figure 7. Despite the
presence of a non-trivial scalar field, it is manifest that two metric functions X(u)
and Y (u) are identical, implying that the background geometry (1.8) is relativistic.
This confirms the observation that extremal geometries in Einstein-scalar theory are
relativistic independently of which potential V (φ) one chooses.
For the second case, we choose the parameters to be
δ = 4/5, V0 = −1/2, V1 = 5× 10−17 , (1.11)
and the corresponding metric and scalar fields are shown in Figure 8. In this case one
also finds a relativistic geometry, as expected. For the second set of parameters, there
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Figure 7: Numerical solutions corresponding to the parameter choice (1.10). The solid
blue curves denote the numerical solutions for the metric and scalar fields. The first plot
shows that X(u) and Y (u) are identical, and thus the geometry is relativistic. The dot-
dashed line in the fourth plot confirms that X ∼ u2 both in the UV and IR.
is an intermediate regime of hyperscaling violation, with the hyperscaling violating
parameter θ = −32/9. In turn this implies a scaling in the function X ∼ u50/41 as
well as in the scalar, with φ˜ ' c− 40
41
ln(u), with the constant c ' 20.5 determined by
fitting the numerical data. Both are confirmed by the log-log plot of φ˜(u) (second
plot) and of X(u) (third plot) in Figure 8. The overlap between the red dashed curves
and the blue curves corresponding to the numerical solutions confirms the regime of
hyperscaling violation in the intermediate region. Here |V1/V0|  1 implies a large
separation between the two AdS fixed points, and gives a clear intermediate scaling
region. It turns out that once V1 is sufficiently small, the presence of an intermediate
hyperscaling violation regime is quite generic17.
Appendix B Monotonicity for W in Einstein-scalar theory
It is well known that the superpotential W is monotonic along the radial coordinate
for vacuum (i.e. Poincare´ invariant) solutions in Einstein-scalar theories, see also our
discussion in subsection 3.3. Probing this feature by considering non-vacuum states
17For a discussion of holographic RG flows with an intermediate scaling regime, see e.g. [7, 41].
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Figure 8: Numerical solutions corresponding to the parameters (1.11). The solid blue
curves correspond to the numerical solutions for the metric and scalar. The first plot con-
firms that the geometry is relativistic. There is a clean hyperscaling violating intermediate
regime shown by the dashed red lines in the second and third plots. In the intermediate
region the metric function X scales as ∼ u50/41, while the scalar field has the expected
logarithmic behavior. The two straight lines in the fourth plot confirm that X ∼ u50/41 in
the intermediate region and X ∼ u2 both in the UV and IR. The scalar in the UV goes to
zero as ∼ u−0.23, as we turn on a non-trivial source for the dual scalar operator with the
scaling dimension ∆ ' 3.23. In the last plot we have added the IR series solution (dotted
orange curve) to check agreement with our numerical solution in the IR region.
is important in order to test the robustness and consistency of these solutions. In
this section we show that W in Einstein-scalar theories is no longer monotonic at
finite temperature in general.
We begin with the asymptotic expansions near the AdS boundary r →∞, which
are schematically given by
φ(r) = φs e
−∆−r/L + · · ·+ φv e−∆+r/L + . . . , (2.1)
f(r) = 1−Me−d r/L + . . . , (2.2)
A(r) =
r
L
+ . . . , (2.3)
where ∆± = (d±
√
d2 + 4m2L2)/2 and m2 is defined by (5.2). Using the conserved
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quantity Q in (2.9), one obtains
Q = −2κ2T s = − d
L
M ⇒M = 2κ2T sL
d
> 0. (2.4)
In particular, at finite temperature one has M > 0. Furthermore, here we only
consider cases with m2 beyond the AdSd+1 BF bound, i.e. m
2 > − d2
4L2
. Thus, we
have ∆+ > d/2 and ∆− < d/2.
When the holographic RG flow is driven by the expectation value of the scalar
operator, i.e. without the leading scalar source term in standard quantization, we
obtain near the AdS boundary
dW
dr
= φ˙2 − WWA
2(d− 1) = φ
2
v
∆2+
L2
e−2∆+r/L + · · · −Md(d− 1)
L2
e−dr/L + . . . , (2.5)
Since M > 0 at finite temperature and ∆+ > d/2, one immediately finds that
dW
dr
= −Md(d− 1)
L2
e−dr/L + · · · < 0 , (2.6)
for the expectation-value-driven flow near the AdS boundary.
In contrast, for the RG flow driven by the scalar source, one has
dW
dr
= φ˙2 − WWA
2(d− 1) = φ
2
s
∆2−
L2
e−2∆−r/L + · · · −Md(d− 1)
L2
e−dr/L + . . . . (2.7)
Since ∆− < d/2, it is obvious that
dW
dr
= φ2s
∆2−
L2
e−2∆−r/L + · · · > 0 , (2.8)
near the UV boundary.
Let’s now consider the behavior of W near the horizon r = rh. The near horizon
expansion in the present coordinate system (2.2) reads 18
φ(r) = φ0 + φ1(r − rh)2 + . . . , (2.10)
f(r) = f1(r − rh)2 + . . . , (2.11)
A(r) = A1(r − rh)2 + . . . , (2.12)
18One might be more familiar with the coordinate system
ds2 =
du2
fˆ(u)
+ e2Aˆ(u)(−fˆ(u)dt2 + d~x2) , φ = φˆ(u), Aµdxµ = Aˆt(u)dt . (2.9)
Regularity demands the following IR expansion near the black hole horizon u = uh: φˆ(u) =
φˆ0+ φˆ1(u−uh)+ . . . , fˆ(u) = fˆ1(u−uh)+ . . . , and Aˆ(u) = Aˆ1(u−uh)+ . . . . To recover our original
metric (2.2) we identify dr = du√
fˆ(u)
, yielding r − rh ∼
√
u− uh near the horizon.
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where (φ0, φ1, f1, A1) are all constants. In particular, from subsections 3.1 and 3.2
one finds f1 > 0 and A1 > 0 for black holes at finite temperature in Einstein-scalar
theories. Thus, one obtains
dW
dr
= 4φ21(r − rh)2(1 + . . . )− 4A1(d− 1)(1 + · · · ) < 0 , (2.13)
near the black hole horizon. Combining the UV and IR analyses, we see that for
the source-driven flow at finite temperature dW
dr
changes sign, and thus W is not
monotonic along the radial direction in this case.
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